The number of stem cells in a colonic crypt is often very small, which leads to large intrinsic fluctuations in the cell population. Based on the model of cell population dynamics with linear feedback in a colonic crypt, we present a stochastic dynamics of the cell population [including stem cells (SCs), transit amplifying cells (TACs), and fully differentiated cells (FDCs)]. The Fano factor, covariance, and susceptibility formulas of the cell population around the steady state are derived by using the Langevin theory. In the range of physiologically reasonable parameter values, it is found that the stationary populations of TACs and FDCs exhibit an approximately threshold behavior as a function of the net growth rate of TACs, and the reproductions of TACs and FDCs can be classified into three regimens: controlled, crossover, and uncontrolled. With the increasing of the net growth rate of TACs, there is a maximum of the relative intrinsic fluctuations (i.e., the Fano factors) of TACs and FDCs in the crossover region. For a fixed differentiation rate and the net growth rate of SCs, the covariance of fluctuations between SCs and TACs has a maximum in the crossover region. However, the susceptibilities of both TACs and FDCs to the net growth rate of TACs have a minimum in the crossover region.
I. INTRODUCTION
Colorectal cancer is the third most common cancer and the fourth leading cause of cancer death [1] . Especially, it remains the second leading cause of cancer death among men ages 40-79 years [2] . Given its obscurity in the early stage and the high recurrence in stages I and II [3] , there are lots of experimental and theoretical studies aimed at understanding its origins and dynamics. Colorectal cancer originates in the colonic crypt. In a colorectal crypt, there are three compartments containing the stem cells, the semidifferentiated (transit-amplifying) cells, and the fully differentiated cells. Stem cells (SCs), which reside near the bottom of the colorectal crypt, are primitive cells and regulate the rate of cell production in the tissue to maintain homeostasis. SCs produce transitamplifying cells (TACs), which are intermediate progenitors of the stem cells. TACs can undergo a limited number of rounds of division before withdrawing from the cell cycle [4, 5] . TACs migrate up the crypt wall toward the luminal surface and differentiate into fully differentiated cells (FDCs) .
Some mathematical models (in the deterministic description) have been proposed to uncover the cell population dynamics of cell homeostasis in the normal colonic crypt. By virtue of these theoretical models, previous investigations focus on following three aspects. The first is the effects of stem cells on colon cancer cell; it has been found that the cellular turnover rate affects the ability of genetic alterations to induce aging and the development of cancer [6] . The cancer stem cells (CSCs) can compose any possible proportion of the tumor [7] . Differentiation therapy of CSCs is only examined in combination with chemotherapy [8] . The second is the growth properties of cell population in colon crypts, which include * To whom correspondence should be addressed: jiay@phy.ccnu.edu.cn the intestinal tissue renewal [9] , the time evolution of the cell population [10] , the effect of proliferation and adhesion on monoclonal conversion [11] , and the heterogeneity in colorectal cancer dynamics [12] . The third is the spatial distributions of cells, for instance, the computational model of cell positioning [13] , the spatial dynamics of multistage cell lineages [14] , the convection diffusion shape model for aberrant colonic crypt morphogenesis [15] , and the multispecies model of cell lineages and feedback control [16] have been investigated.
In the case of cancer, the growth of cells are out of control because of the mutation or deletion of a gene or the aberrant division of stem cells. Some abnormal processes in cancer usually occur randomly, and several stochastic models have been proposed to understand the mechanism of such processes. For example, the Moran process is introduced to describe the evolutionary dynamics of mutations in stem cells [17] , which can predict the clonal expansion, latency, and extinction. Based on the Moran process, the differentiation of stem cells is considered as a stochastic process [18] , and there is an ultrasensitive response in order to maintain the desired population levels. A stochastic dynamics of cancer initiation from a mathematical point of view is also considered [19] , and it predicts that the initiation of cancer occurs when the fitness of cells is sufficiently high.
Various experimental evidence has suggested that the number of stem cells in a normal (or healthy) colonic crypt is often very limited. For instance, Potten and Loeffler [20] reported the numbers are discrepant owing to different measurements or considerations and concluded they may be approximately 30-40, less than 16, and 4-16. Cai et al. [21] showed that the number of stem cells is between 5 and 10. Many experiments [22] [23] [24] [25] [26] have demonstrated the number of stem cells is about 4-6 by using chemical mutagenesis, radiation regeneration, or other experimental techniques. The stem cells on each crypt section of human duodenum were estimated to be 1.8-3.5 from a two-dimensional model by taking input information gained from experimental measurements [27] . More recently, mouse small intestinal stem cells in intact live crypts were identified within the tissue by their metabolic fingerprint for the first time, and the research results indicated each crypt is populated with 8-14 stem cells [28] . The highly relative intrinsic fluctuations in populations of SCs, TACs, and FDCs cannot be neglected due to the very small number of SCs. Now the following questions are raised: how do we describe the stochastic dynamics of the cell population in a colonic crypt, how do we calculate the relative intrinsic fluctuations in cell population, and what are the effects of net (per capita) growth rates of SCs and TACs on the relative intrinsic fluctuations? Based on a model of cell population dynamics with linear feedback [29, 30] , we have studied the fluctuations of the cell population in a colonic crypt.
To study the intrinsic fluctuation of biochemical reaction systems, there are various standard approaches. The first technique is to solve the chemical master equation of the probability distribution for all the different molecular components [31] ; however, only in rare cases is it possible to solve the master equation explicitly. Of course, one can choose the Gillespie algorithm [32] to accurately simulate the molecule number trajectories for such stochastic systems. The second method is the linear noise approximation (LNA) of the chemical master equation. By virtue of this method, the chemical master equation can be simplified to a linear Fokker-Planck equation by using van Kampen's expansion of the master equation [31] , and then the statistical properties of stochastic systems can be rapidly characterized [33, 34] . The third technique is the Langevin method [35] , which has been found to be more intuitive than the usual Langevin description (i.e., Fokker-Planck type solutions of the master equation). The third technique is equivalent to the LNA, at least at steady state [35] and was used here. This paper is organized as follows: in Sec. II we present a stochastic description of the cell population in a colonic crypt. In Sec. III, the Fano factor, covariance, and susceptibility formulas of the cell population around the steady state are derived by using the Langevin theory [35] . The stationary populations of SCs, TACs, and FDCs as a function of net growth rates of SCs and TACs are discussed; it is found that the stationary populations of TACs and FDCs exhibit an approximately threshold behavior as a function of the net growth rate of TACs. The reproductions of TACs and FDCs can be classified into three regimens: controlled, crossover, and uncontrolled. The effects of the net growth rates of SCs and TACs on the fluctuations (i.e., the Fano factor, the covariance, and the susceptibility) are respectively investigated by virtue of our theoretical formulas in Sec. IV. It is found that, with the increasing of the net growth rate of TACs, there is a maximum in the Fano factors of TACs and FDCs in the crossover regimen. We end with conclusions and discussions in Sec. V.
II. STOCHASTIC MODEL OF CELL POPULATION
In order to describe the stochastic dynamics of the cell population in a colonic crypt, we start with a deterministic model with two linear feedback mechanisms [29, 30] , which is based on the dynamics of a single colorectal crypt by using a compartmental approach [36] and can account for the growth of cell numbers and maintain the equilibrium that is normally observed in the crypt. In this model, there are three compartments with SCs, TACs, and FDCs as shown in Fig. 1 . In a crypt, SCs undergo death, differentiate into TACs, and renew with the probabilities α 1 , α 2 , and α 3 , respectively, and TACs undergo death, differentiate, and renew with the probabilities β 1 , β 2 , and β 3 , respectively. FDCs come from the differentiation of TACs and are removed with the probability γ . The linear feedback is that the differentiation rate of SCs (or TACs) is increased in proportion to its population with k 0 > 0 (or k 1 > 0) when the population of SCs (or TACs) is increased, which can maintain the cell population under the equilibrium in the crypt. Therefore, the differentiation rates of SCs and TACs, which depend linearly on cell population sizes, are described by α 2 + k 0 N 1 and β 2 + k 1 N 2 , respectively.
In the deterministic description, the time evolution of the cell population in a normal colon crypt can be written as [29, 30] 
where N 1 , N 2 , and N 3 denote the number of SCs, TACs, and FDCs, respectively. Then, the steady states of Eqs. (1)- (3) are given by
where α = α 3 − α 1 − α 2 and β = β 3 − β 1 − β 2 , which denote the net (per capita) growth rates of SCs and TACs, [29, 30, 37] respectively. It is considered that the probabilities for the apoptosis, the differentiation, and the renewal of SCs and TACs are constants; that is, α 1 + α 2 + α 3 = 1 and [29, 30] . Then the net growth rates (α and β) can be determined by the linear stability analysis: 0 α +1 and −1 β +1. All the parameter values are listed in Table I .
For the normal physiological case in a colonic crypt, the number of SCs per crypt is small, meanwhile the population of each compartment (SCs, TACs, and FDCs) must maintain the stationary level. Under different initial conditions of cell population, Fig. 2 shows that the population of SCs, TACs, and FDCs can reach the steady state (or the homeostasis) as time goes on. The above results demonstrate that the linear feedback of SCs and TACs can control the cells growth and make the system maintain a stable equilibrium.
To describe the stochastic dynamics of the cell population in a colonic crypt, the Langevin method is used here, which is widely used for the purpose of the effect of fluctuations in macroscopically known systems. The intrinsic fluctuations are introduced by adding random terms to the equations of motion, called noise sources [31] . Thus, in the stochastic description, the kinetics of various compartments are described by the following differential equations:
where ξ i (t) are random variables. The statistical properties of the random variables ξ i (t) can be derived by using two assumptions [35] (see Appendix A). The mean values of ξ i (t) are ξ 1 (t) = ξ 2 (t) = ξ 3 (t) = 0, the autocorrelation functions of ξ i (t) take the forms
and the cross-correlations between ξ i (t) are as follows:
From Eqs. (11)- (15), one can find out that the statistical properties of random variables depend on the systemic parameters and the steady state of the cell population. For instance, the autocorrelation of the random variable ξ 1 (t) is determined by both the net growth rate α and the differentiation rate α 2 of SCs; that of the random variable ξ 3 (t) is also determined by the removal rate γ of FDCs. Meanwhile, the autocorrelation of the random variable ξ 2 (t), the cross-correlation between ξ 1 (t) Table I . All the parameters are measured in hr −1 .
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and ξ 2 (t), and the cross-correlation between ξ 2 (t) and ξ 3 (t) are determined by the linear feedback of SCs and TACs as well.
III. FLUCTUATIONS OF CELL POPULATION IN COLONIC CRYPT
To calculate the relative intrinsic fluctuations in the cell population around the steady state (N 
By virtue of Eqs. (4)- (7), Eqs. (16)- (18) can be written as
The Fokker-Planck equation corresponding to Eqs. (19)- (21) is [38, 39] ∂P
The Fano factor, which is defined as the ratio of the variance to the mean and characterizes the relative size of fluctuation, can be derived by using of the Fokker-Planck equation. The Fano factors of SCs, TACs, and FDCs are given by On the other hand, Eqs. (4)- (6) show that the steady states of SCs, TACs, and FDCs are changed with the change of systemic parameters (such as α and β). We present the stationary populations as a function of α (or β) in Fig. 3 . For a given value of net growth rate β of TACs, Fig. 3(a) shows that the stationary population of SCs is linearly increased, but the stationary populations of TACs and FDCs are nonlinearly increased with the increasing of the net growth rate α [Eqs. (5) and (6) with Eq. (7)]. For a given value of the net growth rate α of SCs, the stationary population of SCs is a constant and independent of the net growth rate β of TACs [see Eq. (4)]. However, Fig. 3(b) shows that the stationary populations of TACs and FDCs exhibit an approximately threshold behavior as a function of the net growth rate β, and the threshold is around β = 0. That is, the reproductions of TACs and FDCs can be classified into three regimens: controlled (β 0), crossover (β ∼ 0), and uncontrolled (β 0). With the increasing of the net growth rate β, the stationary populations of TACs and FDCs are smaller than the stationary population of SCs in the controlled regimen [see the inset in Fig. 3(b) ]. In the crossover and uncontrolled regimens, the stationary population of TACs (or FDCs) is much larger than that of SCs and is rapidly increased with the nonlinear power of β. The above results predict that the tumor is more likely to be initiated by enhancing the net growth rate of TACs rather than that of SCs. The threshold behaviors of the stationary populations of both TACs and FDCs found here are similar to the threshold behavior of post-transcriptional gene regulation by small RNA [40] [41] [42] , which is a linear threshold behavior there.
To quantitatively study the dependence of the stationary population on the net growth rates, a susceptibility, which measures the sensitivity of a response to variation in parameter z [43, 44] , is defined as
where M i st represents the steady state of the system and z is the parameter. Here M i st = N s i (i = 1,2,3) and z = α,β. Thus, the sensitivity of the stationary population to the net growth rates (α and β) reads, respectively,
It is obvious that, with the increasing of the net growth rate (α or β), the susceptibility (χ 1 ) of the stationary population for SCs is a constant [see Eq. (27) or Eq. (30)], but the susceptibilities (χ 2 and χ 3 ) of the stationary populations for TACs and FDCs are dependent not only on the net growth rates α and β but also on their steady-state values.
IV. EFFECTS OF NET GROWTH RATES ON FLUCTUATIONS
The formulas obtained above demonstrate that the net growth rates of SCs and TACs (α and β) play an important role in the Fano factors, correlations, and susceptibilities. By virtue of our theoretical formulas, the effects of the net growth rates of SCs and TACs on the relative intrinsic fluctuations, correlations, and susceptibilities can be discussed through the numerical computations in the range of physiologically reasonable parameter values (see Table I ).
A. Effects of net growth rates on Fano factors
Experimental data show that the number of SCs in a crypt is often very small, which leads to large fluctuations in the populations of SCs, TACs, and FDCs, and the relative intrinsic fluctuation of population around the steady state is characterized by the Fano factor. The Fano factors of SCs, TACs, and FDCs as a function of α are shown by Figs. 4(a)-4(c) , and the effects of the net growth rate α of SCs on the Fano factors are very different for a given value of β (e.g., β = 0.432). With the increasing of α, the Fano factor of SCs goes down rapidly for small values of α and then reaches 1 for large values of α; the Fano factor of TACs has a slight bent at beginning and then linearly decreases; the Fano factor of FDCs increases first, reaches a maximum, and then decreases. To understand the effects of the net growth rate of SCs (or TACs) on the relative intrinsic fluctuation around the steady state, the linear feedback mechanisms in a colonic crypt should be considered. In fact, at a fixed value of the net growth rate β of TACs, with the increasing of the net growth rate α of SCs, the stationary population of SCs is linearly increased [see Eq. (4) (5) and (6) with (7)]. In particular, the nonlinear increase of the steady state of the FDCs at α = 0.2 is remarkable, which causes a maximum of the Fano factor of FDCs there.
The effects of the net growth rate β of TACs on the Fano factors of TACs and FDCs for different α are shown in Figs. 4(d) and 4(e) . With the increasing of β, the Fano factors of both TACs and FDCs increase first, reach a maximum, and then decrease to a constant. It is found that the maximum of Fano factors of TACs (or FDCs) occurrs in the crossover region and decreases with the increasing of the net growth rate α of SCs. In fact, the population of TACs is greatly enhanced by its linear feedback with the increasing of β, which causes more TACs to differentiate, and the population of FDCs is significantly increased. Figure 3(b) shows that the variations of the steady states of TACs and FDCs are the largest in the crossover region, medium in the uncontrolled region, and the smallest in the controlled region. Therefore, each of the Fano factors shows a pronounced peak with the increasing of β. Moreover, at a given value of β, the larger α is the larger is the cell population of each compartment. A large cell population leads to a small standard deviation around the steady state.
B. Effects of net growth rates on covariances
The covariances between the cell population fluctuations, a measure of how much two compartments change together, as a function of α (or β) are shown in Fig. 5 . Physiologically, TACs come from the differentiation of SCs, and TACs differentiate into FDCs. In this model, α is the net growth rate of SCs, α 2 is the differentiation rate of SCs, and β is the net growth rate of TACs. For a given value of α 2 and a given value of β, Figs. 5(a) and 5(c) show that the covariances σ 12 and σ 23 are linearly increased with the increasing of α. However, Fig. 5(b) shows that there is a critical value of α 2 (the critical value is α 2C = 0.3). When α 2 < α 2C , the covariance σ 13 is increased with the increasing of α; when α 2 > α 2C , the covariance σ 13 decreases first, reaches a minimum, and then increases with the increasing of α.
In this cell population model, it can be seen that the population of TACs is mainly from the differentiation of SCs when β < 0, but the production of TACs is mainly from the proliferation of themselves when β > 0. For α 2 = α 2C = 0.3, Fig. 5(d) shows that the covariance σ 12 has a maximum in the crossover region of β, and the maximum of the covariance σ 12 is increased with the increasing of α. When α is large (e.g., α = 0.5 or 0.8), Figs. 5(e) and 5(f) show that the covariances σ 13 and σ 23 are increased with the increasing of β; however, when α is small (e.g., α = 0.2), the covariances σ 13 and σ 23 encounter inflexion in the crossover region β. 
C. Effects of net growth rates on susceptibility
The stationary population of SCs is not sensitive to the variation of parameters α and β since the susceptibility of SCs to α or β is a constant [see Eqs. (27) and (30)]. The susceptibilities of the stationary populations of TACs and FDCs as a function of the parameter α (or β) are shown in Fig. 6 . For a given value of β and a given value of α 2 , Figs. 6(a) and 6(b) show that the susceptibilities of both TACs and FDCs are linearly increased with the increasing of α. However, for a given value of α and a given value of α 2 , Figs. 6(c) and 6(d) show that the susceptibilities of both TACs and FDCs to the parameter β are decreased in the controlled region and increased in the uncontrolled region. The minimum of susceptibility of TACs (or FDCs) is occurred in the crossover region (i.e., at β = 0).
V. CONCLUSIONS AND DISCUSSIONS
In the normal colonic crypt, experimental data [20] [21] [22] [23] [24] [25] [26] [27] [28] have shown that the number of SCs per crypt is often very limited, which leads to significant relative intrinsic fluctuations in the cell population. Based on the model of cell population dynamics with linear feedback mechanisms in a colonic crypt proposed by Johnston et al. [29, 30] , in this paper we present a stochastic dynamics of the cell population in a colonic crypt and discuss the statistical properties of intrinsic fluctuations.
In summary, the Fano factor, covariance, and susceptibility formulas of the cell population around the steady state are derived by using of the Langevin method proposed by Swain [35] . The stationary populations of SCs, TACs, and FDCs as a function of net (per capita) growth rates of SCs and TACs are discussed in the range of physiologically However, the susceptibilities of both TACs and FDCs to the net growth rate of TACs have a minimum when the net growth rate of TACs is zero.
A. Comparison with different method
The goal of this paper is to study the intrinsic fluctuation of the cell population in a colonic crypt around the steady state. To study the intrinsic fluctuation of biochemical systems, there are various standard approaches as mentioned in the Introduction. The intrinsic noise sources of the cell population in a colonic crypt are added by the random variable terms only in an additive way [31] [e.g., Eqs. (8)- (10)] since the macroscopic description of the cell population in a colonic crypt is known [29, 30] .
Comparing the Langevin method of Swain [35] with the usual Langevin theory [31] , it can be found that the Langevin method used here is more intuitive than the usual Langevin description (i.e., Fokker-Planck type solutions of the master equation), which is equivalent to the LNA, at least at steady state [35] . Most importantly, by virtue of the Langevin method of Swain, the statistical properties of random variable terms can be derived through two assumptions (i.e., the one-step biochemical processes and the small fluctuation in the system). As one would expect, the statistical properties of intrinsic noise sources depend on the systemic parameters and the steady state for a biochemical system [see Eqs. (11)- (15), while the statistical properties of intrinsic noise terms are artificially assumed in the usual Langevin description [31] .
Comparing the results of the Langevin method [35] used here with those of the Gillespie algorithm (an accurately simulating) [32] 
B. Theoretical results and biological data
In order to make the cell population model structurally stable and capture the regulation of cell numbers that occurs in a normal colon crypt, several feedback mechanisms have been proposed, for instance, linear feedback and saturating feedback [29, 30] . Although our theoretical formulas depend on the linear feedback mechanism, the stochastic method used here is not trivial, which could be used to discuss the population dynamics with the other feedback models. On the other hand, it seems very difficult to quantitatively compare our theoretical results with the experimental data. There are a few very different experimental data only referring to the number of SCs [20] [21] [22] [23] [24] [25] [26] [27] [28] , while any real data about the numbers of TACs and FDCs could not be found in published papers up to now.
C. Biological implications of theoretical results
The transitions between SCs, TACs, and FDCs in a crypt usually occur at random; thus, it would be interesting to investigate how the stochastic process in the crypt controls the behavior of the cell population. The cell numbers can maintain the equilibrium in a healthy crypt, but increase with uncontrolled growth in the case of colorectal cancers. [29, 30] , the key parameter is the net per capita growth rate of TACs, which is renewal minus death and differentiation, that accords with the biological findings that the failure of programed cell death or differentiation may lead to tumor growth [36] . (ii) The threshold behavior of stationary populations of TACs and FDCs shows that the colorectal cancer is more likely to be initiated by enhancing the net growth rate of TAcs rather than that of SCs. The increasing of the net growth rate of TACs will transform a healthy crypt into a tumor crypt. (iii) The maximum of the Fano factor, or the maximum of covariance, or the minimum of susceptibilities of TACs and FDCs in the crossover region might be used as a critical sign in early warning of colorectal cancer.
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The authors are very grateful to three anonymous referees for their valuable comments and suggestions. This work was supported by the National Natural Science Assumption (i). δt should be small enough that only one event occurs in the interval, and ξ i (t)δt for i = 1,2,3 can only be ±1 or zero. P (μ, ν, υ) is denoted to be the probability with ξ 1 (t)δt = μ, ξ 2 (t)δt = ν, and ξ 3 (t)δt = υ. At the steady state, from Eqs. (8)- (10) we have P (1,0,0
δt, and the other P (μ, ν, υ) equal to zero. According to this condition, the mean of random variables ξ i (t) obeys 
Assumption (ii). The steady-state values should be large enough that typical fluctuations away from these values will always be small compared to the values themselves. Then, ξ i (t) is uncorrelated with ξ i (t ) for all |t − t | > δt. Thus, the statistical properties of the random variables can be mathematically described by the δ functions.
APPENDIX B
The moments of x i (t) (i = 1, 2, 3) obey Considering the definition of P (μ, ν, υ), the value of its integral extending over the whole range should be 1, 
with β * = (β +β)(β +β + 2β 2 ) 2k 1 .
Then the variance σ ii = lim 
Thus, the solution of Eq. (B12) is 
σ 23 = (α 2 + 2α)(α 2 + α) 2 (β +β + β 2 )(α +β + γ ) k 0β (α +β)(α + γ )(γ +β) + (β +β)(β + β 2 )(β +β + 2β 2 ) 4k 1β (γ +β) .
